UNIT |
MATHEMATICAL TOOLS

1.1 Basic Mathematics for Physics

Mathematics is the TOOL of Physics. A good knowledge and applications of fundamentals of
mathematics (which are used in physics) helps in understanding the physical phenomena and their
applications. The topics introduced in this chapter enable us to understand topics of first year pre
university physics.

I. Quadratic Equation and its Solution

A second degree equation is called quadratic equation.

The equation, ax® + bx + ¢ = 0 is a quadratic equation,

In this equation, a, b and c are constants and x is a variable quantity.

The solution of the quadratic equation is

o —b++/b?*—4ac

2a

Ilustration: Comparing the given quadratic equation x* — 5x + 6 = 0
with the standard form of quadratic equation a xX* +b x + ¢ =0
Wehavea=1,b=-5cc=6

—b ++/b* —4ac ‘X_—(—S)iw/(—5)2—4><l><6
2a o

2x1

Now, we know X =

5+425-24 5+1

2 2
6 4
X=—0r —
2 2
X=30rx=2

Exercise 1.1:
Solve for x comparing with the standard equation

1. X*—9x+14=0
2. 2% +5x-12=0
3.3 +8x+5=0
4.4x° - dax + (a°=b?) =0

I1. Binomial Theorem

n(nZI—l) 2 Nn-2) 5

According to this theorem, (1+X)" =1+ nx+ 3
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Where | x\ < 1, n is any negative integer or any fraction (positive or negative)

The total number of terms = n + 1 i.e. one more than the index of the power of the Binomial.
21=2x1,31=3x2xlandn'=n(n-1)(n-2) (n-3)......... 1

If |x| < <1, then the terms containing higher power of x can be neglected.

Therefore (1+x)" =1+ nx.

Binomial theorem for positive integral index

n-1 n-1
nx""a n(n-1)x 22
1! 2!

where n is any positive integer.

(x+a)"=x"+

Example 1: Expand (1+x)™

Solution: (1+x)? =1+(-2)x+ (_2)(2_|2 =D e, (22 ;)(_2 ) N

Example 2: Evaluate /37 correct up to three decimal places.

— 12 _ 1/2 1 v . 12
Solution: Y37 = (36+1)"* = (36) @+£J-5aumm)

1 2 2 2 2 2 2 3

We have neglected the terms containing powers of 0.028.

- /37 =6[1+0.014]
=6[1+0.014] = 6[1.014]
=6.084

Exercise:

1. The value of acceleration due to gravity (g) at a height h above the surface of earth is

1-2h

! gRZ L
If h<<R, then prove that g’ =¢g| ——

9= R+ny

R
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Hint: g'= LZ =g(1+ﬂj
R2(1+hj R
R

2. Solve (1 + x)® using Binomial theorem.

I11. Logarithms
If a* = m, then x is called the logarithm of m to the base a and is written as log, m Thus, if a* = m, then
l0ga m =X
For example (i) If 2* = 16 ..log, 16=4 (i) 3* =27 .. logs 27=3
(iii)loga 1=0 (iv) logaa=1.

Standard Formulae of logarithms
1. loge mn =loge m+loge n 2. loge m_ loge m-logen  3.logem" =nlogem
n

Two Systems of Logarithms
1. Natural Logarithm. Logarithm of a number to the base e (e = 2.7182) is called natural
logarithm.
2. Common Logarithm. Logarithm of a number to the base 10 is called common logarithm. In all

practical calculations, we always use common logarithm.

Conversion of Natural logarithm to Common logarithm
Natural logarithms can be converted into common logarithms as follows:

loge N =2.3026 logio N

=~ 2.303 |Oglo N
Example:
Work done during an isothermal process is W = RT log, %
1
. . Vv, vV,
This can be written as W = 2.3026 RT log,, v 2.0303RT log,, v
1 1



Example: Expand the following using logarithm formulae

. 1T
i) f=—,—
® 21 V' m
Solution:
1 T 1/2
EEIpL
2l ( m
Taking log both sides, we get
log f = log T2 — log m"2 — (log 2 + log 1)
1 1 1
:ElogT —Elogm—(I092+IogI) =§(IogT —logm)—log2—logl.
Exercise

Expand the following by using logarithm formulae

4

() PV =K (ii)V:”Pr (iii) h:2—T (iv)T:27r\/I
8nl g

rpg

IV. Trigonometry

Angle: Consider a fixed straight line OX. Let another straight line OA (called revolving line) be
coinciding with OX rotate anticlockwise and takes the position OA, The angle is measured by the
amount of revolution that the revolving line OA undergoes in passing from its initial position to final
position.
From Figure given below, angle covered by revolving line OA is
0 = <AOX.

0 X

An angle ZAOX'1s +ve, IT 1T 1S traced out in anticlockwise direction and ZAOX is —ve, if it is

traced out in clockwise direction



System of Measurement of an Angle

(i) Sexagesimal System (ii) circular system

(i) Sexagesimal System:
In this system

1 right angle = 90° (degrees)

1 degree = 60 (minutes)

1 minute =60~ (seconds)
(ii) In circular system :

= Radians = 180° = 2 right angles

. 1right. Angle = %radians.

Let a particle moves from initial position A to the final position B along a circle of radius r as shown in

figure.

Lenght of arc AB

Then, Angle, 6 = - -
Radius of circle(r)

If length of arc AB = radius of the circle (r)
Then 6 =1radian

Radian: An angle subtended at the centre of a circle by an arc whose length is equal to the
radius of the circle is called one radian.
Relation between Radian and Degree

When a body or a particle completes one rotation, then 6 = 360° and distance travelled
(circumference of a circle).

g2
r
Or 360° = 2r radian
360 180
— ="""x7
Or lrad= 2, 22
=57.27°
Thus, 1 radian = 57.27°



Trigonometric Ratios

Consider triangle ONM in the four quadrants as shown below.
Consider two straight lines X'OX and Y'OY meeting at right angles in O. These two lines
divide the plane into four equal parts called quadrants (figure given below).

X’ B X N S
Y Y
(a) Ist quadrant (b) 2nd guadrant
Y, Y,

XJ’
11 v
M v’ ¥ M
(c) 3rd quadrant (d) 4th quadrant
Now XOY, YOX', X'OY' and Y'OX are called I, I, 1ll, and 1V quadrants respectively. ON is +ve if

drawn to the right side of O and —ve if drawn to the left side of O. MN is +ve if drawn above X'OX and

—ve if drawn below X'OX,
Trigonometric Ratios of an Angle

. MN _ sin O (i.e. sine of 0) 2. %= cos 0 (i.e. cosine of 0)

oM

3. MN _ tan 6 (i.e. tangent of 0) 4. OM _ cosec O (i.e. cosecant of 0)
ON MN

5. oM _ sec 0 (i.e. secant of 6) 6. oM _ cos 0 (i.e. cotangent of 6)
ON MN

These ratios are called trigonometric ratios.



Important relations:

1. cosec O = i
sin@

4.sin? 0+cos?0 =1

2.sec

o= 1
cosd

5.sec’0=1+tan’0

Signs of trigonometric ratios

3.cot9=L

tan @

6. cosec’0=1+cot’0

i}

sine and cosec
(+ve)

I
(All +ve)

o]

tangent and cotangent

(+ve)
II1

cosine and secant

(+ve)
v

The signs of various trigonometric ratios can be remembered from the above figure.

Trigonometric Ratios of Standard angles

The trigonometric ratios of standard angles are given in the following table:

Angled >
_ g _ 0° 30° 45° 60° 90° 120° 180°
trig-ratio 4
sin O 0 1 i \/§ 1 \/§ 0
2 2 2 2
cos 0 1 \/§ i 1 0 B 1 -1
) N 2 2
tan © 0 1 1 J3 0 J3 0
\/§ _




Trigonometrical Ratios of Allied Angles

1. (i) sin (-0) =—sin 6 (ii) cos (—6) = cos O (iii) tan (-6) =—tan 6

2. (i) sin (90°-0) =cos ® (i) cos (90°-0) = sin O (iii) tan (90°-6) = cot 0

3. (i) sin (90°+0) =cos 6 (ii) cos (90°+6) = sin 6 (iii) tan (90°+6) = —cot 6
4. (i) sin (180°-0) =sin ® (i) cos (180°-0) = — cos O (iii) tan (180°-0) = —tan O
5. (i) sin (180°+0) = —sin 6 (i) cos (180°+6) = — cos 6 (iii) tan (180°+6) = —tan 6
6. (i) sin (270°—0) = —cos O (ii) cos (270°-0) = —sin 0 (i) tan (270°-6) = cot ©
7. (i) sin (270°+0) = —cos 6 (ii) cos (270°+0) =sin 6 (iii) tan (270°+6) = —cot O
llustrations:

Find the values of

(i) sin270° (i) sin 120°  (iii) sin 120° (iv) tan (-30°)
Solution:

(i) sin 270° = sin (180° + 90°) = —sin 90° = -1

1) COS = CO0Ss + = —SIn = ——
i 120° 90° + 30° in 30° ;

V3

iii) sin 120° = sin (90° + 30°) = cos 30° = =
2

(iv) tan (-30°) = — tan 30° = 1

V3
Some important Trigonometric Formulae
1.sin (A+B) =sin AcosB +cos AsinB 2. cos (A+B) = cos A cos B —sin Asin B

3.sin (A-B) =sin AcosB—-cosAsinB 4. cos (A-B) =cos A cos B +sin Asin B

5.sin2 A =2sin A cos A 6. sin (A+B) sin (A-B) = sin? A—sin’ B
7. cos (A+B) cos (A-B) = cos’ A —sin’B 8. tan (A+B) = tanA+tanB
1-tan AtanB
9. sin A + sin B = 2 sin A+ Bcos A-B 10. sin A—sin B=2 cos A+B sin A-B
2 2 2 2
11. cos A + cos B = 2 cos A+B oS A-B 12. cos A-cos B=-2 sin A+B sin A-B



13.c0s2A=1-2siA=2co’ A<l  14.tan2A= 2014

1-tan® A
15. tan (A-B) = fanA-tns 16. tan (A+B) = tanA+tanB
1+tan Atan B 1—tan Atan B

V. Differentiation

Function: If the value of a quantity y (say) depends on the value of another quantity x, then y is
the function of x i.e. y = f(x).

The quantity y is called dependent variable and the quantity X is called independent variable.
For example, y = 2x* + 4x + 7 is a function of x

(i) Whenx =1, y=2(1)* + 4x1+7 = 13
(i) When x = 2, y = 2(2)* +4x2+7 = 23
As the value of y depends on the value of x, y is the function of x.
Differential coefficient or derivative of a function
Lety =f(x) .. (1)
That is, the value of y depends upon the value of x.
Let Ax be a small increment in x, so that Ay is the corresponding small increment in y, then
y + Ay = f(x+A4x) ... (2
Subtract (1) from (2), we get Ay = f(x+A4x) —f(x)

Divide both sides by Ax

Ay _ f(x+Ax) - f(x)
AX AX

Where % is called average rate of change of y w.r.t. x.
X

Let us Ax be as small as possible i.e. Ax—0 (read as delta x tends to zero)
Then differential coefficient or derivative of y w.r.t. x is

Cdy _ Lt f(x+Ax) - f(X)
“dX_Ax»O AX

Theorems of Differentiations

1. Ify=C, when Cis constant .. j—y =0
X

2. Ify=x", where n is an integer .. % =nx""!
X



dy du

3. If y=Cu, where u is the function of x and C is constant —=C —

dx dx
4. fy=uztvto+.... , Where u, v and @ are the function of x
d
d—yz—( )_—(v)+—(a))+ .......
5. Ify=uv, where uand v are the function of x, then a_ =u ﬂ du
dx dx dx
U dv  du
6. Ify =Y , Where u and v are the function of x, then dy = M
u dx u
dy n-1 du
7. Ify =u", where u is the function of x then —=nu"" —
dx dx
Exercise 1.2
1, Find derivative of the functions w.r.t x
. . x> 5 |
i) 4+7x*+6x+9 i) X2 iii) — iv) ——
(i) ()2x2 ()& ()X+4

Differential coefficients of Trigonometric Functions

1. di (sinx) = cos x; and di (sinu) =cosu — aw) , U is the function of x
X dx

2. a (cos x) = —six X ; d (cosu) =-—sinu i(u)
dx dx dx

;3 4 (tan x) = sec? x ; d (tan u) = sec® u i(u)
dx dx dx

s 4 (cot X) = — cosec? x
dx
d

5. — (sec x) = sec x tan x
dx

d
6. ix (cosec x) = — cosec x cot X.
X

Example:

Differentiate the following w.r.t. x.
(i) sin 2 x (if) x sin x

Solution:

(i) Lety=sin2x
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= i(sin 2X) = C0S ZXi(ZX) =C0S2X.2 = 2C0S2X
dx dx

(if) Lety=xsinx

dy :i(xsin X) = xi(sin X) +sin xi(x) = XCOoSX+sinx.1
dx dx dx dx
dy .
. ——=XCOSX+Sin X
dx
Exercise 1.3
(i) sin 3x (i) cos 3x
(iii) tan 4x (iv) sin (ax + b)

(v) cos (ax + b)

Differential Coefficients of Logarithmic and Exponential Functions

1. i(loge X) = iloge e= i((‘.' log.e=1) 2. i(Ioge u) =li(u)
dx X X dx u dx

d d d
3. —(e")=e"—(u 4, —(e*)=¢e"log. e=¢"
dx( ) OIX() dx( ) e

5. %(e“) =e“%(u)

Example:

1. Differentiate the follow w.r.t .x.
(i) (log, x)? (i) log(ax +b)
Solution:

(i) Lety= (log, x)

ﬂzi(log x)> =2log xi(log x) =2log x.lzglog X
dx dx dx X X

(i) Let y=log(ax+hb)

,-.ﬂzilog(awrb):;i(awrb): a
dx dx (ax+b) dx ax+b

Example 3: If S=2t>-3t>+2, find the position, velocity and acceleration of a particle at the end of

2s. S is measured in metre and t in second.
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Solution:
S=2t>-3t?+2,

Whent=2s, S=2x8-3x4+2 =6m
Now, velocity v = s _ i(2t3 —3t* +2) = 6t* -6t
dt dt
When t—2s,v=6x4—6x2=12ms™
Now, acceleration, a =ﬂ =i(6r2 —6t)=12t-6
dt dt

Whent=2s, a=12x2—-6=18ms™

Exercise 1.4

1. The area of a blot of ink is growing such that after t second A=3r> + % + 7 Calculate the rate of

increase of area after 5 s.

2. If the motion of a particle is represented by S=t°+t? —t+2, find the position, velocity and

acceleration of the particle after 2 s.

2
3. A particle starts rotating from rest and its angular displacement is given by 9::1_0 +%Calculate

the angular velocity at the end of 10 s.

V1. Integration
Integration is an inverse process of differentiation.

It is the process of finding the function whose derivative is given.

Suppose F(x) is the derivative of the function f(x) w.r.t.x. Then we can write
L f00=F0
dx

Now, if we are given the derivative F(x) and we have to find the function f(x) then this can be
done with the help of Integral Calculus.

The process of finding the function whose derivative is given is called integration.

Definition: If the derivative of a function f(x) is F(x) then f(x) is called the integral of F(x) with respect
to x. The integration of a function can be written as j F(x)dx = f(x)

The function F(x) whose integral is f(x) is called Integrand.



Fundamental Formulae of Integration

1. jdx:x ['.'%(X):l}

3. .[xldx=.[%dx= log, X

eax
5. Ieaxdx = =
ey 2

dx

7. jsin XdX = —Cos X

8. Icos xdx =sin X

9. J'sec2 xdx = tan x

11. _[sec xtan x dx =sec x

sin X

13. Jtanx dx=j—dx=—

COS X

cos x dx
sin X

14. jcotx dx=I

15.f o =sin™ x;| x|<1

J1-x?

=tan x

d
1. J.1+)>((2

Theorems of Integration

n+l

2. Jx” dx == provided n = — 1.
n+1
4, jexdx:eX
G.Iaxdx= a
log, a
7a. jsinaxdxz—cosaxz—cosax
ey 2
dx
8a. jcosaxdx=smax
a

10. J'coseczx dx = —cot x

12. j COS ecx cot X dx = — cos ecx

—sin X

dx =-log, cos x

=log, sinx

=sect|x|; | x|>1

dx
16. | ——
J‘x\/x2 -1

First Theorem: The integral of the product of a constant and a function is equal to the product

of the constant and integral of the function.

ie. jc ud x = cju d x, where c is constant.

Second Theorem: The integral of the sum or difference of a number of functions is given by

J.(uivia)i ........ ) dx:judxijvdxija)dxi .........
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Exercise 1.5

Integrate the following functions w.r.t .x,
2
(i) x° () x2+2  Gii)e™  (iv) (x—lj W) = (i) 26>
X X N
Definite integral

If
[Fdx=f(x)+c

Then TF(x)dx =f(b)-f(a)

Where a and b are called the upper and lower limits of x

Definite integral is illustrated with the following examples.

Exercise 1.6

Solve the following:

x=R 7l2 2
M | CMM g (ii) [cosx dx (i) [x* dx
X=00 X 0 1
v 7l2
(iv) .[mvdv (v) J'sinxdx
u -zl2
Exercise 1.7
Solve the following:
7l2 Q q
0] Icos X dx (i) jE dg, where C is a constant
-zl2 0
¢ de
(iii) j -where, & is a constant
6 (‘9 - 90)
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MATHEMATICAL TOOLS

1.1 Basic Mathematics for Physics

Answers

Exercise 1.1:
. 3 _4) 13 atb a-b)
1.(2,7); 2. [2, 4), (3)( 1 3}, (4)( ) j

Exercise 1.2

. .. 1 . 1

i) 12%% + 14x + 6 (ii) (5/2) x* =5/ 2x° i) — V) ———
(i) (i) (5/2) i) o5 (M) o
Exercise 1.3

(i) 3 cos 3x (ii) — 3 sin 3x (iii) 4 sec? 4x

(iv) acos (ax + b)

Exercise 1.4
1.30.2 2.12,15,10 3. 0.7.
Exercise 1.5
Answers.
x4 X . e
) — i) —+1log. x ) —
() 1 (i) 3 T1og. (iii) 3

3
i) Coox-t w2dx i) 2o

3 X 5
Exercise 1.6
Solution:

R R R 1R
: GMm . 1. o X
0] l 2 dx_GMmix—zdx_GMmix dx_GMm{_—Jw

R
=—GMmF} =—GMm{l—i}
X1, R o
=— GMm because {i = O}
R 0
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(i) J'O”/Zcos x dx =[sinx];"? = {Sin%—sin 0} -1-0

2 47?2 4 4
Caxo| X 27 @O _16 1
X 4 4 4 4

v v 27 2 2
_[mvd v=mjvdv:m{v—} :m{v__u_}
(iV) u u 2 2 2

m 2 2
=—(v°-u
5 ( )

7l2
(v) _[sin xdx = -[cosx]”/?, = —{cos% —cos(—x/ 2)} =0

-2

Exercise 1.7

: L Q° . 0,-6,
i)2 i) =— iii) log——=
() (i) 2 (i) log 4
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